We shall be concerned with the topology of finite transformation groups on spaces of relatively simple character. This represents a rather small corner in the general theory, but the problems which one finds here seem to be of some interest and difficulty. By disposing of various low-dimensional cases, we shall try to show where the real difficulties begin.
Definitions. A transformation group (G, X) consists of a group
G acting on a topological space X to form a group of homeomorphisms of X onto itself. It will be understood throughout this paper that G is finite. For a given transformation group or "action" (G, X) and subset HQGy we denote by F(H\ G, X) the fixed-point set of H-that is, the points x such that hx = x for h<EzH. We may of course denote this set simply by F(H) when only one action is being considered.
An action (G, X) is g-free if F(g) -0, free if it is g-free when g?^l,
and semi-free if F{G) -0. Let X r be the union of the fixed-point sets F(g), g ^ 1, and let X' = X -X\ Since gF(h) = F{ghg~l), the closed set X r is invariant under the transformations x-»gx. Hence G acts on X r (if X r is not empty) hence also on X f . The action (G, X f ) is free but the action (G, X r ) is not free. We call X f the free part of X and X r the restricted part; (G, X r ) may be called the restricted part of the action (G, X). An action (G, X) is effective if F(g)^Xwhen g^l. In a given action, the set N of elements g with F(g) =X is a normal subgroup of G and there is induced an action (G/7V, X) which is effective.
The sets Gx, xGZ, are the orbits of (G, X). They form a decomposition of X and the corresponding decomposition space, called the orbit space of the action, is denoted by X/G. The stability group G x of x consists of all g such that gx = x.
An action (G, X) is of c/ass C* if X is a manifold of class C k and the functions x->gx are of class C k . When i = 0 we shall drop the manifold condition on X; every action is then of class C°. A differentiable action is a enaction. (G, X) is orthogonal if X is a euclidean sphere or an open submanifold of a euclidean space and the trans-formations x->gx are orthogonal. An action (G, X) which is of class C k (or orthogonal) is triangulated if X carries a triangulation which is of class C k (or orthogonal) and is compatible with the action. An orthogonal triangulation here means one in which the cells are simplexes if X is a euclidean space, and geodesic simplexes if X is a euclidean sphere.
Isomorphism classes. An isomorphism^: (G, X)-*(G'
X') of two actions, both of class C k or orthogonal, consists of an isomorphism G->G' and a homeomorphism X->X', of class C k or orthogonal (both mappings being bijective) such that gx-+g'x f whenever g-»g', x->x'. For a given G and X, the actions (G, X) of class C k fall into isomorphism classes the totality of which we denote by P(G t X). Let I or (G, X) be the corresponding sets for orthogonal actions. Since every action and isomorphism of class C k can be regarded as of class C°, we have a natural mapping P(G, X)->I°(G, X). Similarly we have /-(G, X)->P(G, X).
For each G, /fee mappings
are bijective when n -0, 1, 2. This is trivial for w = 0 and easy for n = 1 ; the proof for n = 2 is due to Kérékjârto [l2].
The mappings I or (Z 2 , S n )-^I°(Z2, S n ) are not all surjective when n^3. Bing [l], for example, has constructed an action (Z 2 , S n ) in which F(Z 2 ) is a topological 2-sphere, and the free part of Sz is not the disjoint union of two 3-cells as it would have to be were the action isomorphic to an orthogonal one. Actions (Z 2 , S n ) not isomorphic to orthogonal ones and with arbitrarily large n, have been given by J. H. C. Whitehead [25] . On the other hand, Hirsch and Smale [lO] have shown that every action (Z 2 , 5 3 ) which admits exactly two fixed points 2 is isomorphic to an orthogonal one and G. R. Livesay (not yet published) showed that the same is true of every free (Z 2 , S3). An example of Floyd [7] showed that I or {Z^ S41)-»(I°(Z 6 , S41) is not surjective, in fact the image of I or does not even contain all members of 1° which have triangulable representatives. In the triangulated action (Z 6 , 5 4 i) constructed by Floyd, F(Z 6 ) is not homeomorphic to a euclidean sphere.
Call two orthogonal actions (G, 5») combinatorially isomorphic if they admit triangulations which are carried one into the other by some (not necessarily orthogonal) isomorphism. It is easy to see that orthogonal isomorphism implies combinatorial isomorphism and hence we have a natural mapping I or (G, S n )->IV(G, S n ) where If consists of the combinatorial isomorphism classes. These mappings are injective when G = Z m , m>l. This was proved by de Rham [16] for free actions and the general case follows readily.
Not much more is known at present about the natural mappings of isomorphism classes.
3. Joins. Two transformation groups (G, X), (G', X') determine in a natural way an action (GXG', X o X') on the join XoX'.
If G~G' we may restrict the action of GXG to the diagonal of GXG and obtain an action (G, XoX').
We shall denote this action by
The join o m o S n of two euclidean spheres is homeomorphic to Sm+n+i* In fact one can assign the structure of a euclidean (tn+n + 1)-sphere to S m o S n in such a way that (G, S n ) o (G, S m ) is orthogonal and uniquely determined up to (orthogonal) isomorphism. The multiplication defined by (G, S n ) o (G, S m ) is associative up to isomorphism.
Suppose that G is abelian and (G, 5») orthogonal. Then from elementary properties of real representations there is a "decomposition"
where 5, S', • • • are spheres and where the factors are orthogonal and can not themselves be factored ; this decomposition is unique up to isomorphism and the order of the factors. The transformation groups and isomorphism in (1) can of course be regarded as being of class C°, but from the C° point of view it is not known whether uniqueness holds. The question of C°-uniqueness for the decomposition of free orthogonal actions (Z w , SVH), m>2, is essentially equivalent to the problem of classifying lense spaces, which are the orbit spaces of such actions. De Rham [ló] showed that uniqueness does hold for such actions if "isomorphism" is taken to mean "combinatorial isomorphism." This implies a combinatorial classification of lense spaces. The examples of Bing, Floyd and Whitehead in §2 show that not every abelian (G, S n ) (of class C°) has a decomposition (1) even if it is triangulable. It is in fact doubtful that a decomposition necessarily exists in the differentiable case. For one reason, the sets F(g) for the right member of (1) with differentiable factors, are homeomorphic to spheres whereas it is doubtful if this is true of the set F(g) for every differentiate action (G, S n ) although so far as the writer knows, no counter-example has been constructed. 4 . Effective actions in spheres. Let E\X) denote the totality of finite groups G such that there exist effective actions (G, X) of class C k , and let E or (X) denote the corresponding set for orthogonal actions. It is known that E°(S n ) =E or (S n ) when w = 0, 1, 2 but it is not known whether this is true when n>2. (We shall consider the case n = 2 in §7.) It should be remarked that while the members of E or (S n ) can be listed when n^3 (Seifert and Threlfall [17] ), this is not the case when n>3. We note also that every group G can act effectively on some S which has the same homotopy type as o». In fact let S = Sn\J(P o G) where p is a point of S n and let (G, S) be defined by gx = x, xÇzS n , g(p o h) =p o gh. This action is effective, and 5 is retractible to S n by deformation.
No example is known of an effective action (G, S n ) where G can not act effectively and orthogonally on S n , and one might conjecture that no such action exists. At any rate, one can show that none exists in which G is an abelian p-group. This is a straightforward consequence of the next proposition.
By a homology n-sphere over A we shall mean a locally compact finite dimensional Hausdorff space X such that iJ*(X, A) = H*(S n ; A) where H* means cohomology with compact supports. 2 It is to be understood that So consists of two points and that the empty set is a homology ( -l)-sphere. If -XT is a homology w-sphere over Z py p a prime, and if Z p acts on X, then F(Z P ) is a homology m-sphere over Z p and -lSm^n; n -m is even if p>2. The example above shows that m can equal n even if the action is effective, but this possibility can be ruled out by imposing local conditions. Call X a generalized n-sphere over a principal ideal domain A if it is a homology w-sphere over A and a generalized w-manifold over A, A generalized 0-sphere over A consists of two points. If X is a generalized w-sphere over Z p , then for any action (Z p , X), F(Z P ) is a generalized m-sphere over Z p and if the action is effective, m<n. If X is a homology w-sphere over Z 2 and H n (X; Z) is finitely generated, one can distinguish between actions (Z 2 , X) which preserve orientation and those which reverse orientation. If orientation is preserved then n -m is even.
Let X be a generalized n-sphere over Zp, p a prime, and let . Now the X's are generalized spheres over Z p , and each is the fixed-point set of an action on the preceding by a cyclic subgroup of G. The "dimensions" of the X's form a strictly decreasing sequence ending with that of
hence x^n + l. If p>2, the dimensions decrease by even jumps, hence 0gJ^w-2(5-l), s£(n + l)/2. so that k (r~n),2 = l mod p. Since k q = l mod p and k9*l, we see that q must divide (r -n)/2, hence r -n = 0 mod 2g.
Groups of order
The preceding proposition restricts the cases in which effective action can occur. We mention the following instances:
can not act effectively and regularly on 52, 53, 54. If there exists such an action on 5B it must be /-free.
(c) If q>2 y G(p, q, k) can not act differentiably and effectively on 5 6 . For, suppose there is such an action. Since 6 -r^2g^6, and 6 -r is even, we have r = 0. Hence F(t) consists of two points. Since q is odd, both points are fixed under s. Hence F(G pq )^0.
(G pq , 5 6 ) induces an effective orthogonal action on the tangent vector space of any point of F(G pq ) hence an effective regular action of (G pq , S$), which is impossible by (b). If q = 2, then k= -1 and G(p, 2, -1) is the dihedral group G 2p of order 2p. Milnor [13] showed that G 2p can not act freely on any 5 n . Of course G 2p can not act freely and orthogonally on S n for the reason that since 5 is of order 2 and F(s) is empty, 5 would be represented by the matrix -I and would therefore permute with /.
In the cases which have not been excluded by the preceding remarks, it is not known whether G(p, #, k) can act effectively on a given sphere. As Milnor remarked, the simplest unsolved case for free actions is the following. Can G(7, 3, 2) of order 21 act freely on 5s? Zassenhaus [28] showed that G(p, q, k) can not act freely and orthogonally on any 5 n .
In the case of actions which are not free, perhaps the simplest unsolved case is the following. Suppose (G 2p , 5 4 ) is regular and concordant. Then 4 = rmod4, hence r = 0. Can this actually occur? Specifically, can the dihedral group of order 6 (i.e. G (3, 2, -1) ) act on 5 4 in such a way that F(s) = 0 and F(t) consists of two points? No such orthogonal action is possible.
Most of the results in this section remain true if S n is an w-manifold which is an integral homology ^-sphere. It remains true for example that the dihedral group can not act freely on S n . On the other hand, recent results of Swan [24] show that such actions do exist on homology spheres which are not manifolds. 
Groups with periodic cohomology.
It is assumed in these formulas that G acts trivially on Z. We shall need the following mild generalization of the theorem of periodic cohomology.
Let X be an integral homology n-sphere and YC.X an integral homology m-sphere with m^n -2. If G acts on X in such a way that gY=Y for g G G and G acts freely on X' = X-F, then G has cohomology of period n -m.
PROOF. There exists a spectral sequence E r [3, p. 354] Using the remark in the second paragraph of this section we have the following
COROLLARY. If X is an integral homology n-sphere and (G, X) an action such that X f = X -F(G) and if F(G) is an integral homology (n -2)-sphere 1 then G is cyclic.
7. Actions on a generalized 2-sphere. Let Q be the set of orbits of an action (G, X) where X is finite (discrete). Since 
v(oe) --l)n(oû) pairs where n(oS) is the number of elements in co. Now n(co) equals the number of cosets of G x , x£fc>, hence n(co)v(oo) =N. Hence the number of pairs corresponding to co is N(v(cS) -l)/v(co)
and therefore P equals the right member of (1).
Let G act on a finite set X such that F(g) consists of a single point when g^l and each G x is nontrivial. Then X consists of just one point.
For, with <j>(g) = 1, g^l, (1) becomes (2) 1 -1/2V = E (1 -1A(«)).
G X 7& {1} implies v(o))
^2 for every co. Hence the right member of (2) is > 1 if there are two or more terms in the sum whereas the left member is smaller than 1. We conclude that there is just one orbit co i960] and that *>(co) = iV. Hence G X = G for each x so that F(G) = X. Therefore F(g) = X for every G, hence X consists of one point. Consider now the subset E rot (S 2 ) of E or (S 2 ) consisting of those groups which can act effectively as rotation groups on 5 2 .
If there exists a (G, X) with finite X such that every G x is cyclic and nontrivial and every F{g), g^ 1, consists of two points, then GG-Ë 1 " 0 *^). In fact, a classical argument [27, p. 17] based on (2) shows that if (G, X) has the stated properties then (G, X) can be identified with the restricted part ( §1) of an effective action of G in S 2 , in which the transformations x->gx are rotations.
Let X be an integral homology 2-sphere. If the restricted set X r of an action (G, X) is finite and each set F(g), g<£zG, is nonempty, then G is a member of E rot (S 2 )
. It is sufficient to show that the restricted part (G, X r ) satisfies the hypothesis of the preceding proposition. Let g be an element of G of prime order p. Then F(g) is a homology 0-sphere over Z p . But as a subset of X r , F(g) is finite and therefore consists of exactly two points. It follows readily that every F(g), g^l, consists of two points. Since each point in X r is fixed under some g 3^1, G x is nontrivial when x£X r . It remains to be shown that G x , x£X r , is cyclic. Let x be a point in X r , and consider the action (G x , X). Let X r x be the restricted part of X in this action. Evidently xÇzX r x and G x acts on the set X f = X r x -{x} which is nonempty. Each element of G x different from 1 leaves just two points of X fixed, one of which is x, hence leaves one point of X' fixed. Moreover, if x'£X' then at least one g in G x different from 1 leaves x' fixed. Therefore by the first proposition in this section X' consists of a single point and so in the action (G x , X), F(G X ) consists of two points and is therefore an integral homology 0-sphere. Moreover, the free part of X in this action is X -F(G X ). Hence by the corollary in §6, G x is cyclic.
COROLLARY. If G acts effectively on an integral generalized 2-sphere so that the transformations x->gx preserve orientation, then G is a member of E
rot (5 2 ). PROOF. Z m acts on each J*. Suppose that J p is unknotted: 7Ti(U) = Z, U = S -J P , 5 = .S3. The universal covering Ü of U is a 3-manifold which is aspherical since U is aspherical [15] , hence is acyclic with respect to integral homology. Hence the fixed-point set of any transformation Ü-+Ü of odd prime period is a nonempty manifold of dimension r where 0^r<3 and 3 -r is even; hence r = l. The fixedpoint set will moreover be connected and noncompact and is therefore a line, i.e. a topological image of E\. Let 0 be the projection Ü-+U and let J q = 4>~1J q , J r = <^_ 1 / r . Let xÇzJ q . We can think of Ü as consisting of the equivalence classes of paths in U based at x. There is an obvious action of Z q on Ü defined by the action of Z Q on these paths. Since J q , J r are invariant under Z p , so are J q > J r (Jr for example consists of the equivalence classes of paths based at x and ending at points of J r , and is therefore invariant). Now each component K of J q is a line or a simple closed curve. But K can not be a s.c.c. because 4>K } which equals J qi would be null-homotopic in U, hence in the action of Z q on [7, J q would be an invariant s.c.c. which bounds in U, and no such curve exists. 5 Now Z p acts on the equivalence classes of loops in U based at x, namely on TTI(U) -Z and since q is odd, this action is trivial. These loops can be thought of as giving the points % which cover x. Hence Z q leaves each cover % of x fixed. Each component K of J q contains an % and is therefore invariant under Z q . Thus Z q acts on K and since q^2 and J? is a line, the action is trivial. We conclude that each point of J q is fixed under Z q . Conversely, a point of Ü fixed under Z q must cover a point of J q , hence is in J q . Thus J q is the fixed-point set of Z q acting on Ü, hence is a line. In the same way, J r is a line. But Z q acts on J r and q being odd, the action is trivial. Hence J r consists of fixed points of Z q hence J r C.3q which implies J r CJ q , a contradiction.
Acyclic spaces.
No nontrivial finite group can act freely on a euclidean space or on a closed euclidean ball. The situation with regard to semi-free actions on such spaces stands about as follows, (a) Greever [9] showed that no group of order less than 60 and different from 36 and no abelian group of order less than 210 can act semifreely on a closed ball; (b) Floyd and Richardson [8] showed that there exists a triangulable semi-free action of A g on a closed ball of suitably high dimension, where A$ is the group of even permutations on 5 letters, hence of order 60; (c) for m^2, Z m can not act semifreely on E n if #^4; (d) there exists no differentiable semi-free action Z pq on E n if p, q are primes and n^6; (e) there exists an orthogonal semi-free action of Z pq on a contractible submanifold of E n where n is a suitable multiple of pq (Conner and Floyd [4] ).
We shall sketch the proofs of (c), (d) in this section and (e) in the next.
(c) By a one point compactification, a given action (Z m , E n ) induces an action (Z m , S n ) m which 00 Ç£F(Z m ). It is sufficient to show that in any action (Z m , S n ) with ^^4, F(Z m ) can not consist of just one point. This is trivial for n -0, easy for n=l, 2 and straightforward for n = 3. Consider an action (Z m , S4). We may assume 
, g a generator of Z w . The group iC n acts freely on the regular neighborhood Uof W2 an d the action (Z», Z7) is orthogonal ( §1). Since C/is retractible to W% by deformation, it is acyclic over Z m .
A similar construction by Conner and Floyd [4] gives the semi-free action in (e), §9. We retain the notation of the preceding paragraph. If the segment x o y in Co C is subdivided into three segments of equal length, there is a unique piece wise linear mapping of xoy onto the 1-chain ({m h }x) oy -xoy+xo {n h }y, and the totality of these mappings for all segments xoy gives a mapping {m, n} : C o C ->Co C which is of degree m -1+n. 11. Orbit spaces. Let (G, X) be an effective action. Floyd showed [5; 6] that if X is acyclic, one can expect the orbit space X/G to be acyclic. More specifically, if X is a locally compact Hausdorff space and if the compactly supported integral cohomology of X is trivial, the same is true of X/G.
In general, however, the computation of the cohomology of X/G appears to be complicated. Let p be a prime In the following proposition we denote by P(X, t) the Poincaré polynomial of X for compactly supported cohomology over Z p and by Q(a, b) the polynomial A formula like (1) Suppose in fact that F{Z 2 ) 7*0. Then there exists a covering action (Z 2 , Pn) on the universal covering P n = S n of P n (cf. the proof in §8) such that gx covers gx when x covers x. Let g be the nontrivial element of Z 2 . The transformation x->gx permutes with the decktransformation /: P n -*P n and hence g, t define an action (Z 2 XZ 2l P n ) whose fixed point sets we denote by P. Of course P(t)=0 so F(Z 2 XZ 2 )-0. Then F(Z 2 XZ 2 ), P(t), P(g), P(tg) are homology spheres over Z 2 of dimensions -1, -1, Wi, n 2 respectively and by the preceding proposition we have ni-\-n 2 -n -\. Now if x in P n is fixed under g, then <jr l x~ (x, tx) (where </> is the projection P n -^Pn) is invariant under g so that either gx = x or gtx = x. It follows that
F(g) =<I>(F(g)\JF(gt)). Now F(g)nP(gt) CF(ggt) = F{t) =0 and in fact tP(£)^F(gt)
=z 0 since tP(g) = P(g). Hence F(g) in the disjoint union of <l>P(g) and <t>P{gt), which may be regarded as orbit spaces of free actions of Z 2 on the homology spheres P{g), P{gt) of dimensions n\ and n 2l hence have the stated cohomology.
QUESTION. IS this proposition true if it is assumed only that P n is a homology projective space over Z 2 ?
